Tracking control for switched linear systems with time-delay is investigated in this paper. Based on the state-dependent switching method, sufficient conditions for the solvability of the tracking control problem are given. We use single Lyapunov function technique and a typical hysteresis switching law to design a tracking control law such that the H ∞ model reference tracking performance is satisfied. The controller design problem can be solved efficiently by using linear matrices inequalities. Since convex combination techniques are used to derive the delay independent criteria, some subsystems are allowed to be unstable. It is highly desirable that a non-switched time-delay system can not earn such property. Simulation example shows the feasibility and validity of the switching control law.
been attracting considerable attention in recent years (see, e.g., [1] [2] [3] [4] ). As an important class of hybrid systems, switched systems have hybrid features comprising of a family of subsystems described by continuous or discrete time dynamics, and a rule specifying the switching among them. Generally speaking, two categories of switched systems are usually considered (see from the references [5, 6] ). One is Controlled switching, which is the switching rule controlled by input command. The other is Autonomous switching, which is switching the designer cannot change. Usually, certain switching laws incorporated with compatible information should be designed (see, e.g., [1, 5, 7] ) according to some input command. Meanwhile, when dealing with the stability analysis and control synthesis for switched systems, as useful tools, common Lyapunov functions, single Lyapunov functions and multiple Lyapunov functions are often considered for switched systems.
On the other hand, it is well known that timedelays, which are the inherent features of many engineering processes, are great sources of instability and poor performance. So, much research has been devoted to the study of systems with time-delay [8] [9] [10] [11] [12] [13] [14] [15] . Since switched systems with time-delay have a strong engineering background, special attention has been attracted, and several useful results have been reported in the literature such as the issues on stability analysis [16] [17] [18] [19] [20] [21] , H ∞ filtering [22] , optimal control [23] , and so on. The importance of the study of tracking control for switched systems with time-delay arises from the extensive applications in robot tracking control [24] , guided missile tracking control, etc. However, to the authors' best knowledge, up to now, the issue of tracking control, which has been well addressed for non-switched systems without delay [25] [26] [27] [28] , has been rarely investigated for switched systems with time-delay. The recent paper [29] has investigated the noncausal optimal tracking of linear switched systems, however, time-delays are not considered. In [30] , robust tracking control for switched linear systems with timevarying delays is investigated with a time-dependent switching method. Tracking control for switched systems with time-delay which is based on state-dependent switching method is still an open and interesting issue.
In this paper, we investigate the problem of tracking control for switched linear systems with time-delay by using a state-dependent switching method. Sufficient conditions for the solvability of the tracking control problem are given. We use single Lyapunov function technique and a typical hysteresis switching law [31] [32] [33] to design a tracking control law such that the H ∞ model reference tracking performance is satisfied. Since convex combination techniques are used to derive the delay independent criteria, some subsystems are allowed to be unstable. It is highly desirable that a non-switched time-delay system can not earn such property. Finally, the simulation example shows the validity of the proposed methods. This paper is organized as follows. Problem formulation and preliminaries are presented in Section II. Section III presents the design of controllers and switching law. The results of numerical simulation are presented in Section IV. Conclusions are stated in Section V.
Notation.
In this paper, we use P>0(≥, <, ≤ 0) to denote a positive definite (semi-definite, negative definite, semi-negative definite) matrices P, I and 0 represent identity matrices and zero matrices with appropriate dimensions, respectively. The superscript "T " stands for matrix transpose; and the symmetric terms in a matrix are denoted by * . Matrices, if not explicitly stated, are assumed to have appropriate dimensions. R n denotes the n dimensional Euclidean space; L 2 [0, ∞) is the space of square integrable functions on [0, ∞) and · stands for the usual 2-norm. Let x t be defined by x t ( ) = x(t + ), ∈ [− , 0] and x t cl = sup − ≤t≤0
x(t + ) .
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the switched linear time-delay system
where x(t) ∈ R n is the state, u(t) ∈ R p the control input, (t) ∈ R n the bounded exogenous disturbance, y(t) ∈ R q the output, and (t) is the continuous vector valued function specifying the initial state of the system, >0 the constant, the right continuous function
is the switching signal which can be characterized by the switching sequence ={x 0 ;
and C i are constant matrices of appropriate dimensions, i ∈ N . For simplicity, we denote := (t).
Given a reference model
and performance index
where x r (t) ∈ R n is reference state, A r is a Hurwitz matrix, r (t) is bounded reference input; e r (t) = x(t) − x r (t) denotes the error between the real state of the switched system (1) and the reference state; t f is the control terminated time;
Combining (1) with (2), we get the augmented system
Definition 1. For system (4), if there exist control input u = u(t) and switching signal = (t) such that (4) is asymptotically stable when ≡ 0 and (3) is satisfied when = 0 under the initial conditions stated in (1) and (2) , then the switched system (1) is said to have H ∞ model reference tracking performance. Our purpose is to design a tracking controller u(t) = K (t) e r (t) and a switching law such that system (1) has the H ∞ model reference tracking performance.
Before developing conditions for the solvability of tracking control for switched time-delay systems, a typical hysteresis switching law is presented which will be used in control design. [32, 34] . When hysteresis switching law is considered, it is assumed that any two adjacent subsets are overlapped, as shown in Fig.  1 . In this figure, two switching surfaces between two adjacent subsets are shown by two solid curves. We use S i j to denote the switching surface specifying the one-dimensional move from subset i to j .
Hysteresis Switching Law
The switching events occurs when the trajectory hits one of the switching surfaces S i j or S ji . This is formalized by introducing a discrete event , whose evolution is described as follows.
, hitting the switching surface S ji , let (t) = i. The switching signal is shown as in Fig. 2 .
Remark 1.
The standard hysteresis switching signal we employed, changes its value only after the continuous trajectory has passed through the intersection of adjacent subsets i and j , chattering is avoided.
To conclude this section, we recall the following lemma.
Lemma 1. ([35])
Let M, N be real matrices of appropriate dimensions. Then, for any matrix Q>0 of appropriate dimension and any scalar >0, the following inequality holds
III. DESIGN OF CONTROLLERS AND SWITCHING LAW
In this section, we will show how to design state feedback gain K i and a switching law (t) such that the H ∞ model reference tracking performance is satisfied.
For a fixed switching signal (t) = i, consider the ith subsystem with the state feedback controller u(t) = K i e r (t). The augmented system (4) can be rewritten aṡ
wherē
Consider the following closed-loop switched linear system with time-delay,
We have the following result.
Theorem 1.
For the augmented system (7), if there exist positive definite matrices P, S, matrices K i , and 
If we let
and the hysteresis switching law is designed as
for t>0,
Then the feedback controller u(t) = K e r (t) for system (4) under the switching law (10), such that the H ∞ model reference tracking performance in (1) is guaranteed.
Proof. By Schur complement lemma, the condition (8) is equivalent to the following inequality ⎡ ⎢ ⎣
It is easy to show that
this is a contradiction, therefore, no such D exists and the result follows. Define a Lyapunov-Krasovskii functional candidate
which is positive definite since P and S are positive definite matrices. First, we will prove that the system (7) is asymptotically stable while (t) ≡ 0.
For any t ≥ 0, according to the hysteresis switching law (10) , when the ith subsystem is active, from (9) we can get
which implies asymptotic stability of the switched systems (7) with (t) ≡ 0. Next, under the zero initial condition we prove
T (t) (t) dt when (t) =0.
Differentiating the Lyapunov-Krasovskii functional candidate along the trajectoriesx(t) of the system (7) gives
Applying Lemma 1, we get 2x
T (t)P (t) ≤ −2x T (t)P Px(t) + 2 T (t) (t).
Then By the switching law (10), when the ith subsystem is active, condition (9) gives that
Substituting (17) into (16), we obtain
Substituting (19) into (18) results in
Integrating both sides of (20) from zero to t f yields
According to the zero initial condition and V (x(t)) being positive definite, it is easy to derive
T (t) (t) dt
which completes the proof.
Remark 2.
Though any individual subsystem of (1) alone usually cannot achieve the H ∞ model reference tracking performance, a suitable switching may solve the tracking control problem, as shown in Theorem 1.
Remark 3. Theorem 1 does not give a method of getting the positive definite matrices P, S, and K i . To solve this problem, we denoteP = P −1 ,Ŝ =P SP, and let
Multiplying both sides of (8) by the matrix diag{P −1 ,
where
Thus (8) is converted into the matrices inequalities (21) which can be solved by some convex optimization techniques with an iterative algorithm [36] .
Once we haveP,S 1 ,S 2 from (21), the tracking controllers u(t) = K i e r (t), with K i = X iP −1 , i ∈ N can be constructed.
Remark 4.
If (8) holds for i = 1 for some i, which is the condition for the tracking control problem of nonswitched system to be solvable, then no switching is needed. Obviously, (8) is much weaker than the condition for non-switched systems because (8) allows the case that the tracking control problem is solvable for no subsystems.
IV. NUMERICAL EXAMPLE
We illustrate the main results by example in this section.
Consider the systems (1) and the reference system (2) with Consider the closed-loop switched linear time-delay systems (7). To solve the inequality (21), we take the delay constant = 3, so we have
, S = P According to Theorem 1, the switching regions are
in which 
Thus, the hysteresis switching law is designed as follows,
or ( (t) / ∈ 1 and (t − ) = 1).
where (t) = [x(t),x(t − )] T . Take the initial condition as x(0) = [0.01, −0.01] T , with t f = 20, r (t) and (t) are generated by square wave form, the simulation result is depicted in Fig. 3 , it is obvious that neither subsystem 1 nor subsystem 2 tracks the reference system, while the switching control achieves tracking control. In order to illustrate our result is less conservative than the existing result [37] , we consider the inner stability of the augmented closed-loop system (7) by the method used in [37] . For systeṁ we follow the method adopted in [37] . From ( donot hold for all >1. The failed method consists largely in the restrict conditions that the elements of D i , i.e., the coefficients of x(t − ) should have been sufficiently small according to the theory proposed in [37] . Thus, from the sense of stability analysis, our result is shown to be less conservative due to such restrictions are avoided in this paper.
V. CONCLUSION
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